Auslander-Reiten sequences, Brown-Comenetz duality, and the $K(n)$-local
  generating hypothesis by Barthel, Tobias
ar
X
iv
:1
60
3.
09
18
1v
1 
 [m
ath
.A
T]
  3
0 M
ar 
20
16
AUSLANDER–REITEN SEQUENCES, BROWN–COMENETZ DUALITY,
AND THE K(n)-LOCAL GENERATING HYPOTHESIS
TOBIAS BARTHEL
Abstract. In this paper, we construct a version of Auslander–Reiten sequences for the K(n)-
local stable homotopy category. In particular, the role of the Auslander–Reiten translation is
played by the local Brown–Comenetz duality functor. As an application, we produce coun-
terexamples to the K(n)-local generating hypothesis for all heights n > 0 and all primes.
Furthermore, our methods apply to other triangulated categories, as for example the derived
category of quasi-coherent sheaves on a smooth projective scheme.
1. Introduction
In his paper [Fre66], Freyd proposed the following generating hypothesis for the homotopy
category of finite spectra Spω, arguably one of the most important open problems in stable
homotopy theory.
Freyd’s generating hypothesis. A map f : X → Y between finite spectra X and Y is null-
homotopic if and only if pi∗f = 0.
Note that the finiteness assumption is crucial, as the generating hypothesis fails in the whole
stable homotopy category: as a counterexample, one may take any positive degree Steenrod
operation. Surprisingly, Freyd showed that faithfulness of pi∗ would imply fullness, thereby
producing an embedding
pi∗ : Sp
ω // Modpi∗S0 .
However, the generating hypothesis for Spω remains an open problem, and besides a number
of interesting consequences that could be deduced [Fre66, Hov07], essentially nothing is known
about it.
To gain some intuition about Freyd’s original statement, it is natural to seek to understand
versions of the generating hypothesis in structurally similar categories. Examples include the
derived category of a ring [HLP07] and the stable module category appearing in modular repre-
sentation theory [CCM09]; a more abstract approach is taken in [BM12].
In a different direction, Devinatz and Hopkins [Dev90, Dev98] describe a programme to prove
the generating hypothesis with target S0 by reducing it to a family of conjectures in chromatic
stable homotopy theory. Motivated by their approach, we formulate and study a K(n)-local
version of the generating hypothesis, where K(n) denotes Morava K-theory at a given height n
and prime p. Roughly speaking, the K(n)-local categories stratify the stable homotopy category
and are thus the fundamental building blocks of the stable homotopy category. In analogy with
Freyd’s original statement, the K(n)-local generating hypothesis asserts that pi∗ defines a faithful
functor on the category of compact K(n)-local spectra.
The K(n)-local generating hypothesis. If f : X → Y is a morphism in SpωK(n) with pi∗f = 0,
then f = 0.
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This statement is related to conjectures formulated by Devinatz in [Dev98], although they
appear to be logically independent from the version of the K(n)-local generating hypothesis
considered here. Therefore, the results of this paper do not have any direct consequences for the
Devinatz–Hopkins approach to Freyd’s generating hypothesis with target S0.
Our approach to the K(n)-local generating hypothesis is inspired by the solution [CCM09]
of the generating hypothesis for the stable module category of a finite group G over a field
k of characteristic p dividing the order of G. In this case, the existence of Auslander–Reiten
sequences (or almost split sequences) allows to construct counterexamples to the generating
hypothesis whenever the thick subcategory generated by k is not semi-simple. Observing that
Auslander–Reiten sequences have been constructed in very general settings [Kra00, Bel04], this
offers an approach to the generating hypothesis for general triangulated categories.
Suppose C is a suitable triangulated category with a distinguished object S, and define the
homotopy groups of any X ∈ C as pi∗X = Hom
∗
C(S,X). We say that the generating hypothesis
holds for a full subcategory D ⊆ C if the restriction of pi∗ to D is faithful. Our first theorem gives
sufficient conditions for the existence of counterexamples to the generating hypothesis in D.
Theorem A. Suppose C is a compactly generated stable homotopy category, and let D ⊆ C be a
thick subcategory that admits Auslander–Reiten sequences. If D contains indecomposable objects
which are not equivalent to a retract of a direct sum of shifted copies of S, then the generating
hypothesis does not hold in D.
As an application, we show that the generating hypothesis fails for the derived category of
quasi-coherent sheaves over a non-trivial smooth projective scheme over a field k.
The existence of Auslander–Reiten sequences is closely related to the existence of an Auslander–
Reiten translation, which simultaneously generalizes the notion of Serre duality in algebraic
geometry and Brown–Comenetz duality in stable homotopy theory. Using a local version of
Brown–Comenetz duality, in Section 3, we verify that the K(n)-local stable homotopy category
SpK(n) satisfies the conditions of Theorem A, thereby obtaining our second theorem.
Theorem B. The category of compact K(n)-local spectra admits Auslander–Reiten sequences,
with the Auslander–Reiten translation given by the dual of the local Brown–Comenetz duality
functor. In particular, the K(n)-local generating hypothesis fails for any n > 0 and all primes p.
Finally, we discuss a Picard group graded analogue of the K(n)-local generating hypothesis,
with the same conclusion as for the Z-graded one, see Corollary 3.12. We believe it would be
interesting in its own right to study the Auslander–Reiten theory of SpK(n), e.g., to try to
compute its Auslander–Reiten quiver, but we leave this task to future works.
Conventions and terminology. Throughout this paper, we will work in the context of ax-
iomatic stable homotopy theory as developed in [HPS97]. In particular, C = (C,⊗, S) will always
denote a closed symmetric monoidal cocomplete triangulated category which is generated by a
set of dualizable objects. Here, S is the tensor unit of C. The suspension functor on C is denoted
Σ and we usually refer to distinguished triangles as cofiber sequences. We write HomC(X,Y ) for
the abelian group of maps between two objects X,Y ∈ C and Hom∗C(X,Y ) = HomC(X,Σ
∗Y ) for
the corresponding graded abelian group. If F denotes the internal function object in C, then we
define the Spanier–Whitehead dual of an object X ∈ C as X∨ = F (X,S).
The full subcategory of compact objects of C will be denoted by Cω. For any object X ∈ C, we
write ThickC(X) for the thick subcategory of C generated by X , i.e., the smallest full subcategory
of C which contains X and that is closed under finite colimits, suspensions, and retracts.
Acknowledgements. I would like to thank Frank Gounelas, Drew Heard, Keir Lockridge,
Nathaniel Stapleton, and Geordie Williamson for helpful converations, and the Max Planck
Institute for Mathematics for its hospitality.
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2. Auslander–Reiten sequences in stable homotopy categories
In this section, we develop an abstract framework in which one can study the generating
hypothesis. We start by reviewing the tools from abstract Auslander–Reiten theory that we then
use in Section 2.2 to prove our criterion for the existence of counterexamples to the generating
hypothesis in a compactly generated stable homotopy category.
2.1. Abstract Auslander–Reiten theory. Auslander–Reiten theory was originally used as
a device to analyse the structure of the category of modules over a finite dimensional algebra
over a field k. The fundamental constructions, however, can be carried out in much greater
generality, and we mostly follow [Kra00] and [Kra05] in our exposition. A more general and
more comprehensive account is given in [Bel04].
Definition 2.1. Suppose C is a stable homotopy category. A cofiber sequence
(2.2) Σ−1Z
f
// X
g
// Y
in C is called an Auslander–Reiten sequence if it satisfies the following three conditions:
(1) The sequence (2.2) does not split.
(2) If g′ : Y ′ → Y is not a split epimorphism, then there exists a factorization
Y ′
g′
~~⑥
⑥
⑥
⑥
X g
// Y.
(3) Dually, every map f ′ : Σ−1Z → Z ′ that is not a split monomorphism factors through f .
We say that a thick subcategory D ⊆ C admits Auslander–Reiten sequences if any indecompos-
able object Y ∈ D fits into an Auslander–Reiten sequence (2.2) with X,Z ∈ D.
It can be shown that the objects Y and Z appearing in an Auslander–Reiten sequence (2.2)
are indecomposable, and that the sequence is determined up to equivalence by either of them.
For the details, we refer the interested reader to [Kra00, Sec. 2], which also establishes several
other characterizations of Auslander–Reiten sequences. This motivates to ask to what extent Z
depends functorially on Y .
In order to answer this question, let us assume from now on that C is k-linear for some
complete local Noetherian commutative ring k with maximal ideal m. In particular, this means
that HomC(X,Y ) is canonically a k-module for all objects X,Y ∈ C. We denote the injective
hull of k/m by E = E(k) and consider the Matlis duality functor
D = Homk(−, E) : Modk // Modk
on the categoryModk of k-modules. By Brown representability for C and using that E is injective,
the functor
DHomC(X,−) : C
op // Modk
is representable by an object TX ∈ C for any X ∈ C. Under suitable conditions on C, TX is
equivalent to Z in the Auslander–Reiten sequence (2.2), as we will see shortly.
Definition 2.3. An Auslander–Reiten translation for C is a fully faithful functor T : Cω → C
satisfying the Auslander–Reiten formula, i.e., such that there is a binatural equivalence
(2.4) DHomC(X,Y ) ∼= HomC(Y, TX)
of k-modules, for all X ∈ Cω and all Y ∈ C.
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An abstract existence theorem for Auslander–Reiten sequences was proven by Krause in
[Kra05, Prop. 4.2, Thm. 4.4]; it is summarized in the following theorem.
Theorem 2.5 (Krause). Suppose that C is a k-linear compactly generated stable homotopy cat-
egory such that HomC(X,Y ) ∈ Modk is finitely generated for all X,Y ∈ C
ω, then C admits an
Auslander–Reiten translation T , and the following statements are equivalent:
(1) The functor T : Cω → C induces an equivalence
Cω
T //
∼
✤
✤
✤ C
Cω,
/
 ι
>>⑦⑦⑦⑦⑦⑦⑦⑦
where ι is the natural inclusion.
(2) The subcategory Cω ⊆ C admits Auslander–Reiten sequences.
In this case, the Auslander–Reiten sequence for an indecomposable object Y ∈ Cω has the form
Σ−1TY // X // Y,
with X,TY ∈ Cω.
Remark 2.6. Although none of the results in this paper require a homotopical enhancement,
the basic properties of Auslander–Reiten sequences can be established on the level of stable
∞-categories, as worked out in the thesis of West [Wes15].
2.2. The generating hypothesis. Throughout this section, let C be a compactly generated
stable homotopy category with tensor unit S. By definition, the homotopy groups of an object
X ∈ C are given by pi∗X = HomC(Σ
∗S,X). This construction extends via postcomposition to
an additive functor
pi∗ : C // Modpi∗S .
Suppose D is a full subcategory of C. The generating hypothesis for D asserts that pi∗ is faithful
when restricted to D.
The generating hypothesis. Any morphism f : X → Y in D with pi∗f = 0 is null.
As explained in the introduction, the generating hypothesis was originally proposed in the
context of stable homotopy theory by Freyd in [Fre66], but has since been studied in other,
structurally similar stable homotopy categories.
Example 2.7. The derived category DR of a ring R is compactly generated by thick subcategory
of perfect R-modules PerfR = D
ω
R. By definition, the generating hypothesis holds for R if the
homology functor
H∗ : PerfR // ModR
is faithful. In [HLP07], Hovey, Lockridge, and Puninski provide a complete classification of those
rings which satisfy the generating hypothesis. Indeed, the generating hypothesis holds for R if
and only if the following two conditions are satisfied:
(1) The ring R has flat dimension at most 1.
(2) Every short exact sequence of finitely presented R-modules splits.
In particular, in this case R is a von Neumann ring, but the converse does not hold.
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Example 2.8. Suppose G is a finite group and k is a field of characteristic p dividing the order
of G. The stable module category StModkG over the group algebra kG is compactly generated
by the simple kG-modules, and the homotopy groups with respect to shifts of the tensor unit
k can be identified with Tate cohomology. Building on earlier joint work with Benson and
Christensen [BCCM07], Carlson, Chebolu, and Mina´cˇ prove in [CCM09] that the generating
hypothesis holds in StModωkG if and only if a p-Sylow subgroup of G is cyclic of order 2 or 3.
Before we can state our criterion for the existence of counterexamples to the generating hy-
pothesis, we need to introduce one more piece of terminology; note, however, that this notation
is non-standard and will only be used in the remainder of this section.
Definition 2.9. An object X ∈ C is said to be non-projective if it is not a retract of a direct
sum of shifts of S.
The next argument generalizes the proof of the main theorem of [CCM09].
Proposition 2.10. Suppose (C, S) is a compactly generated stable homotopy category, and let
D ⊆ C be a thick subcategory that admits Auslander–Reiten sequences. If D contains non-
projective indecomposables, then the generating hypothesis does not hold in D.
Proof. Choose an indecomposable object Y in D which is not a retract of a direct sum of shifts
of S. This implies that Y fits into an Auslander–Reiten sequence
(2.11) Σ−1Z // X // Y
δ // Z
for some X,Z ∈ D. We claim that the morphism δ falsifies the generating hypothesis in D.
Indeed, by definition, the sequence (2.11) is not split and thus δ 6= 0. It remains to show that
pi∗δ = 0, so let Σ
mS → Y be some map with m ∈ Z; note that f cannot be a split epimorphism
by assumption on Y . It follows that there is a lift
ΣmS
f
}}③
③
③
③
③
Σ−1Z // X // Y
δ // Z,
forcing δ ◦ f = 0. 
Remark 2.12. As the proof shows, the existence of a sequence (2.11) which satisfies conditions (1)
and (2) of Definition 2.1 suffices. However, in practice, this does not add much extra flexibility.
We conclude this section with an extended example demonstrating how Proposition 2.10 can
be used to construct counterexamples to the generating hypothesis for specific categories.
Example 2.13. LetX be an n-dimensional smooth projective scheme over a field k and let D(X)
be the derived category of quasi-coherent sheaves on X . This category is compactly generated
by the bounded derived category Db(CohX) of coherent sheaves on X , and pi∗F = H
−∗F for all
F ∈ D(X). Serre duality provides a factorization
Db(CohX)
T (−)=−⊗OXΣ
nωX
//
∼

✤
✤
✤
D(X)
Db(CohX),
(

55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
where ωX ∼= Ω
n
X/k is the dualizing sheaf on X . As proven in [Kra05, Ex. 3], the functor T is
the Auslander–Reiten translation for D(X), so D(X)ω ≃ Db(CohX) admits Auslander–Reiten
sequences by Theorem 2.5; see also [Jør06].
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Note that, for non-trivial X , the category Db(CohX) is not semi-simple, i.e., not every object
is a retract of a direct sum of shifts of the structure sheaf OX ; for example, O(1) is an indecom-
posable non-projective object. By Serre’s finiteness theorem, HomX(F ,Σ
mG) ∼= Hm(F∨ ⊗ G)
is finitely generated for all F ,G ∈ Db(CohX) and all m ∈ Z, so D
b(CohX) is a Krull–Schmidt
category by [Bel04, Cor. 9.9].
Since Db(CohX) is not semi-simple, there exists an object F ∈ D
b(CohX) which is not a
retract of direct sum of shifts of OX ; without loss of generality, we may assume that F is
indecomposable. Applying Proposition 2.10 to F then produces a map
δ : F // T (F)
that contradicts the generating hypothesis for Db(CohX). Consequently, the generating hy-
pothesis holds for Db(CohX) if and only if D
b(CohX) is semi-simple, i.e., if and only if X is
0-dimensional. Alternatively, this result can also be deduced from [Loc07, Prop. 5.2].
Remark 2.14. In [Loc07, Ex. 3.12], Lockridge studies the generating hypothesis for Thick(OX),
where X is a finite-dimensional Noetherian scheme with enough locally free sheaves. In this case,
the generating hypothesis holds if and only if H∗(X,OX) is a finite product of fields, e.g., for X
a smooth Fano variety.
3. The K(n)-local generating hypothesis
In this section, we work in the p-local stable homotopy category Sp, for a fixed prime p. Let
n ≥ 0 be an integer and let K(n) and En denote Morava K-theory and Morava E-theory at
height n, respectively. The K(n)-local stable homotopy category SpK(n) arises as the Bousfield
localization of Sp with respect toK(n). TheK(n)-localization of the usual smash product induces
a symmetric monoidal structure ⊗ on SpK(n) with unit LK(n)S
0. Specializing the abstract
generating hypothesis considered in Section 2.2 to this setting, we obtain:
The K(n)-local generating hypothesis. If f : X → Y is a morphism in SpωK(n) with pi∗f = 0,
then f = 0.
Rational homotopy theory implies that SpK(0) ≃ SpQ is equivalent to the category of graded
rational vector spaces, so the K(n)-local generating hypothesis holds trivially at height 0. The
goal of this section is to systematically construct counterexamples for all heights n > 0 and all
primes p.
Remark 3.1. The status [MRS01] of the telescope conjecture required a modification of Devinatz’s
and Hopkins’ original approach to the generating hypothesis. Assuming a weak form of the
chromatic splitting conjecture, Devinatz formulates a series of conjectures about the generating
hypothesis in the En-local and K(n)-local stable homotopy category. These are related to the
K(n)-local generating hypothesis, but it appears that our results do not affect his conjectures.
3.1. Recollections on the K(n)-local stable homotopy category. The K(n)-local stable
homotopy category SpK(n) is a stable homotopy category with a number of interesting properties,
which we review here for the convenience of the reader; our main reference is [HS99].
The category SpK(n) is compactly generated by Fn = LK(n)F (n), the K(n)-localization of
any finite type n spectrum F (n). It follows that
SpωK(n) = ThickSpK(n)(Fn).
An object X ∈ SpK(n) is compact if and only if E
∗
nX is degreewise finite; if this is the case, then
pi∗X is also degreewise finite. Note that the tensor unit LK(n)S
0 is dualizable, but not compact
unless n = 0. In fact, an object X is dualizable in SpK(n) if and only if K(n)∗X is finite, and we
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will write SpdualK(n) ⊂ SpK(n) for the thick subcategory of dualizable objects. Interestingly, K(n)-
locally dualizable objects satisfy the Krull–Schmidt theorem, as shown in [HS99, Prop. 12.13].
Proposition 3.2 (Hovey–Strickland). The Krull–Schmidt theorem holds in SpdualK(n), i.e., any
dualizable K(n)-local spectrum X admits a decomposition
X ≃
⊕
Y indecomp
Y nY
into a direct sum of indecomposable dualizable objects, for unique integers nY ≥ 0 almost all of
which are 0.
Moreover, Brown’s representability theorem holds for SpK(n), so the Brown–Comenetz duality
functor I can be lifted from Sp to a functor
Iˆ : SpopK(n)
// SpK(n) .
More explicitly, for any X ∈ SpK(n), these functors are related by the formula
IˆX ≃ F (MnX, I),
where F denotes the internal mapping object of Sp and MnX is the n-th monochromatic layer
of X . The properties of the local Brown–Comenetz duality functor Iˆ we need are summarized
in the following result, proven in [HS99, Thm. 10.2].
Proposition 3.3 (Hovey–Strickland). There exists a cohomological functor Iˆ : SpopK(n) → SpK(n)
which is characterized by
(3.4) HomZp(pi∗(MnX ⊗ Y ),Qp/Zp)
∼= Hom−∗SpK(n)(Y, IˆX)
for all X,Y ∈ SpK(n). Furthermore, Iˆ restricts to a duality (contravariant equivalence) on the
full subcategory SpωK(n) of compact objects as well as the full subcategory Sp
dual
K(n) of dualizable
spectra.
3.2. Auslander–Reiten sequences in SpK(n). Employing the methods developed in Section 2,
we now construct a version of Auslander–Reiten sequences for the K(n)-local category, and use
them to produce counterexamples to the K(n)-local generating hypothesis.
Theorem 3.5. The category SpωK(n) of compact K(n)-local spectra admits Auslander–Reiten
sequences for indecomposable objects Y :
(3.6) Σ−1TY // X // Y
δ // TY.
Moreover, the Auslander–Reiten translation T is given by the dual of the Brown–Comenetz duality
functor, i.e., T ≃ Iˆ ◦ (−)∨.
Proof. We have to check that the conditions of Theorem 2.5 hold for SpK(n), and may assume
n > 0. We have already observed that SpK(n) is compactly generated by Fn = LK(n)F (n) for
any finite type n complex F (n). Since the homotopy groups of LK(n)S
0 are p-complete, the
natural map S0 → LK(n)S
0 induces a ring homomorphism Zp → EndSpK(n)(LK(n)S
0). Hence
SpK(n) is Zp-linear. Furthermore, for any pair of compact objects X and Y , the group
HomSpK(n)(X,Y )
∼= pi0(X
∨ ⊗ Y )
is finite and thus in particular finitely generated over Zp.
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It remains to identify the Auslander–Reiten translation for SpK(n) and to show that it factors
through the canonical inclusion SpωK(n) ⊂ SpK(n). The injective hull of k = Zp/p is Qp/Zp, so
the Auslander–Reiten formula (2.4) becomes
(3.7) HomZp(pi0(X
∨ ⊗ Y ),Qp/Zp) ∼= HomSpK(n)(Y, TX)
for X ∈ SpωK(n) and Y ∈ SpK(n). Because X is a retract of the K(n)-localization of a finite type
n spectrum, the cofiber sequence
MnX // LnX // Ln−1X ≃ 0
shows that MnX ≃ X and similarly for X
∨; therefore:
HomZp(pi0(MnX ⊗ Y ),Qp/Zp)
∼= HomZp(pi0(X ⊗ Y ),Qp/Zp).
Replacing X by X∨ in (3.4) and comparing this to (3.7), we see that TX and Iˆ(X∨) represent
the same functor, so the Yoneda lemma implies TX ≃ Iˆ(X∨) for all X ∈ SpωK(n). Finally,
Proposition 3.3 provides a factorization
SpωK(n)
(−)∨
∼
//
∼
$$■
■
■
■
■
Spω,opK(n)
Iˆ // SpK(n)
SpωK(n),
,

ι
::✉✉✉✉✉✉✉✉✉
thereby finishing the proof. 
Remark 3.8. Gross–Hopkins duality [HG94a, HG94b] identifies the Auslander–Reiten translation
of SpK(n) more explicitly as
TF ≃ IˆDF ≃ F ⊗ IˆS0
for all F ∈ SpωK(n), where IˆS
0 is a K(n)-locally dualizable spectrum.
Corollary 3.9. The K(n)-local generating hypothesis does not hold for any n > 0 and any prime
p.
Proof. By Theorem 3.5 and Proposition 2.10, it suffices to show that SpωK(n) contains an inde-
composable object which is not equivalent to a retract of a shift of LK(n)S
0. First note that, if
f : LK(n)S
0 → X is a split epimorphism, then K(n)∗f is either 0 or an isomorphism, because
K(n)∗LK(n)S
0 = K(n)∗ is a graded field. Therefore, X ≃ LK(n)S
0 or X ≃ 0, hence LK(n)S
0 is
indecomposable.
Let Y ∈ SpωK(n) be any non-trivial object; without loss of generality, we may assume that Y is
indecomposable. Since LK(n)S
0 is indecomposable but not compact in SpK(n) whenever n > 0,
Y cannot be a retract of a shift of LK(n)S
0, so the map δ in the Auslander–Reiten sequence (3.6)
is a counterexample to the K(n)-local generating hypothesis. 
This implies that the En-local generating hypothesis holds if and only if n = 0. In other
words, writing SpEn for the En-local stable homotopy category, we have:
Corollary 3.10. For any p, the functor pi∗ : Sp
ω
En → ModZ(p) is faithful if and only if n = 0.
Proof. Since SpωK(n) ⊆ Sp
ω
En and
Hom∗SpEn
(LnS
0, X) ∼= Hom∗SpK(n)(LK(n)S
0, X)
for X ∈ SpωK(n), the result follows immediately from Corollary 3.9. 
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Remark 3.11. In [Dev98, Sec. 4], Devinatz explicitly constructs non-trivial homotopy classes
hI ∈ pi∗LK(n)MI for any n ≥ 2 and sufficiently large primes p, where MI denotes a generalized
Moore spectrum of type n. He then shows in his Appendix 2 that the Spanier–Whitehead dual
of hI ,
h∨I : Σ
mLnDMI // LnS
0,
satisfies pi∗h
∨
I = 0, thereby also providing a counterexample to the En-local generating hypothe-
sis. The advantage of his construction is that the target of h∨I is LnS
0, but these classes do not
immediately give counterexamples to the K(n)-local generating hypothesis.
One feature of the K(n)-local stable homotopy category is that it has an interesting Picard
group Picn of invertible objects with respect to the localized smash product. Arguably, it is thus
more natural to grade homotopy groups over Picn, i.e., to consider homotopy groups
piP (X) = HomSpK(n)(P,X)
for any P ∈ Picn, see [HS99, Sec. 14]. Consequently, we can formulate the Pic-graded K(n)-local
generating hypothesis.
The Pic-graded K(n)-local generating hypothesis. If f : X → Y is a map in SpωK(n) such
that piP (f) = 0 for all P ∈ Picn, then f = 0.
Although this statement is a priori weaker than the K(n)-local generating hypothesis, the
result remains the same.
Corollary 3.12. The Pic-graded K(n)-local generating hypothesis does not hold for any n > 0
and any prime p.
Proof. An object P ∈ SpK(n) is invertible if and only if E
∗
nP
∼= ΣmE∗n for some m ∈ Z, by
[HS99, Prop. 14.2], so P cannot be compact. This also implies that K(n)∗P ∼= Σ
mK(n)∗ for
P ∈ Picn, whence P is indecomposable. Therefore, the same argument as in Corollary 3.9 yields
the result. 
Remark 3.13. A similar proof shows that the Pic-graded version of the En-local generating
hypothesis holds if and only if n = 0.
Remark 3.14. After discovering the above proof, we noticed that, at height n = 1 and p > 2, a
different counterexample to the (Pic-graded) K(n)-local generating hypothesis is given in [HS99,
Sec. 15.1], where it is attributed to Mike Hopkins. Presumably, the example given there could
be generalized to higher heights using the Adams operations on Morava E-theory constructed
by Ando in [And95, Prop. 3.6.1], but we have not checked the details.
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